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Abstract

We study a coupled map lattice model with two states: a simple fixed point and spatio-temporal chaos. Preparing properly
initial conditions, we investigate the dynamics of the interface between order and chaos. In the one-dimensional lattice regimes
of irregular and regular front propagation behavior are observed and analyzed by introducing a local front map and a front
Lyapunov exponent. Corresponding to these different regimes of front propagation we can characterize different types of
transitions from laminar state to chaos using comoving Lyapunov exponents. In the two-dimensional lattice these types of
front motion are related to regimes of roughening and flattening of the interface.

PACS: 05.45.+b

1. Introduction

In many situations turbulent and laminar states in distributed systems are spatially separated, and the dynamics
of the interface between chaos and order is of particular interest. Such a problem appears when initially turbulence
is localized in space, and then spreads out. The dynamics of this spreading depends crucially on what happens
at the interface between turbulent and laminar states. This interface can have a rather complicated structure. For
example, in the complex Ginzburg-Landau model Nozaki and Bekki [1] have demonstrated that the transition from
the laminar to the turbulent state occurs in two steps: one observes first a transition to a regular periodic wave, and
later on a transition from the periodic state to the chaotic one. A similar “two-front” structure appears in a one-
dimensional lattice of coupled logistic maps [2] and reaction—diffusion equations {3]. In contrast to this picture, in
the Kuramoto—Sivashinsky model a direct transition from the laminar to the turbulent state is observed [4]. Recently,
rather complex regimes of the interface between different states have been found in a two-dimensional coupled map
lattice [5] and at the simulations of two-dimensional chemical reactions [6]. The latter system is, probably, the most
suitable example for experimental observation of these interfaces.

In this paper we study the dynamics of the chaos—order interface in a simple coupled map lattice model. The
model, which we describe in Section 2, combines as usual for coupled map lattices [7-9] linear diffusive coupling
with nonlinear local dynamics. We choose the local dynamics to be bi-stable, having a chaotic and a regular (fixed
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Fig. 1. The modified tent map.

point) state.! This allows us to consider, with the initial conditions being properly prepared, the dynamics of
the chaos—order interface as well as the transition fixed point — chaos corresponding to the front motion. In the
one-dimensional case (Section 3) we observe two types of interface dynamics, one with irregular and another one
with regular motion of the front between turbulent and laminar states. We characterize the front with different tools
such as local maps and local Lyapunov exponents. We consider also the corresponding two-dimensional lattice
(Section 4). Here the two types of dynamics appear as roughening of the initially flat chaos—order interface and
flattening of initially rough interface, correspondingly.

2. Basic model

In coupled map lattices [7] the field u depends on discrete time ¢ = 0, 1, 2, ... and discrete spatial coordinates
x,y=...,—1,0,1,2,... The dynamics of this field is given by the transformation

wGe, .t + 1) = Df(u(x, y,0). (1)

Here f is a nonlinear local map, and D is a linear operator. For our purpose we choose this nonlinear map to be a
modified tent map (see Fig. 1)

fw) = max[—b, (1 —2lu~ Dl &>0. )

This map is bi-stable, having a regular (fixed point « = —b) and an irregular chaotic state 0 < u < 1. The parameter
b can be interpreted as the excitability of the laminar (fixed point) state. If b is small in a diffusive coupled lattice,
the local laminar state # = —b on a lattice site can be easily turned into the chaotic state by the influence of a
neighbored lattice site with chaotic behavior. Therefore for smaller b the chaotic state can easily propagate into the
regular domain. Mainly in this paper we have chosen b = 0.025.

! For dynamics of order—order interface see [10,11].
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The diffusion operator on the two-dimensional lattice has the following form:

Dau(x,y)=(1—38) f (u(x, )
+1elfux — 1, y) + flulx +1,9)) + flulx,y — D)+ fux, y + 1)
+gelf G =Ly =)+ flulx — 1,y + 1))
+ G+ 1y —1))+ fu+1Ly+1)]. 3)

We have chosen this special kind of 8-neighbor coupling because it yields the highest degree of isotropy on the
square lattice. The corresponding diffusion operator for the one-dimensional lattice can be obtained by setting in
(3) the field u depending only on the variable x:

Diu(x)= (1= 3&) f () + Jel f wlx — D) + £ (ux + )] . @

This rather unusual form of a one-dimensional diffusion operator, although equivalent to the usual one Du(x) =
(1—-8)f (ux))+ %e[f (u(x — 1)) + f (u(x + 1))], allows us to compare directly the quantities in the one- and
two-dimensional lattice.

3. One-dimensional lattice

The one-dimensional coupled map lattice model is given by Egs. (1), (2) and (4). We set the initial conditions in
the following way: the left part of the lattice is in the turbulent state (u(x,0) > 0 for x < 0) and the right part is in
the laminar state (u(x, 0) = —b for x > 0). Then the position of the front at time # is defined as

h(t) = max{x:u(x,t) > 0}. &)

Next, we study the properties of the propagation of this front and in the transition fixed point — chaos occurring
when the front passes a lattice site.

3.1. Dynamics of the front motion

First we investigate the dynamics of the front motion given by h(r) as defined above in dependence on the
coupling ¢.

Since the process is defined on the discrete lattice, the velocity of the front v(z) = h(t + 1) — h(¢) can have only
values O and 1. The average velocity

V= (@) = lim 2070
>0 t
as a function of the coupling constant ¢ is shown in Fig. 2.

Below some critical value &, ~ 0.0472 the front does not move at all: the coupling is too small to make an
excitation of an ordered state by neighboring disordered states possible. Above this threshold the velocity of the
interface increases rapidly. Noteworthy, it shows a staircase-like structure with well-defined plateaus. 2 These steps
correspond to rational values of the velocity (v = %, % etc.). We will discuss these steps below.

The different regimes in the v—£-dependence are related to the changes of the front propagation dynamics with
increasing coupling. For small ¢ the front motion is chaotic, with increasing coupling we observe a more regular

2 See also [12].
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Fig. 2. Velocity (a) and diffusion coefficient (b) for the one-dimensional lattice.
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behavior of the front. To characterize these regimes we introduce the structure function, the front map, and the front
Lyapunov exponent.

3.1.1. Structure function
To describe the regularity of the front motion, we have calculated the structure function, which measures fluctu-
ations around the averaged shift of the front after m time steps:

o(m) = ((h(t + m) — h(t) — Vm)?). (6)

If the velocity v(s) has a random component, the dynamics of the front consists of the constant drift and the random
walk. So we can expect that the structure function grows linearly with time:

o(m) ~ Dfm, )]

where Dy is a front diffusion coefficient. This quantity measures the intensity of the random component of the front
motion, as presented in Fig. 2. To get the front diffusion coefficient we have followed the front position for 3 x 108
time steps. From this time series we have calculated the structure function, Eq. (6), for 10* < m < 10°. To avoid
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discretization effects which occur if the product of the averaged front velocity and the number of time steps m is not
an integer value, we have taken only the minimum value of o (m) for 10 subsequent values of m. The front diffusion
coefficient Dy has been determined by averaging opin(mm)/m over all these opin (m). It turns out that the dynamics
of the front is random only for small couplings &. < & < &1 = 0.06. The front diffusion coefficient Ds is maximal
Jjust after . when the front starts to move and its velocity is small. With increasing front velocity the front diffusion
coefficient Dy decreases rapidly and vanishes if the front velocity reaches one of the plateaus described above. For
large ¢, even between the plateaus the value of Dy is very small (in fact, numerically not distinguishable from 0).

The maximum of Dy for small front velocities can be understood in the following way: a small front velocity
means that after the excitation of a lattice site it takes a large number of time steps before its next neighbor is excited.
During this time the lattice site has “forgotten” the moment of its own excitation, which leads to an uncorrelated
front motion. Assuming that there are no correlations between the single shifts of the front (i. e. the front motion is
§-correlated) we can treat the averaged front velocity V as a probability for the front shift at each time step. Then the
probability distribution for the number of lattice sites k the front moved after m time steps is given by the binomial
distribution

The variance of such a distribution is
S=mV(1 -V).
Thus in the case of a §-correlated front motion the front diffusion coefficient in (7) becomes
Di=V(-V). (8)

Comparison of this formula with the numerical results (Fig. 2) shows that the neglect of the correlations is valid
only for very small velocities V < 0.005. For larger velocities Dy is much smaller than the value predicted by (8),
i. e. negative correlations of the velocity v(t) appear. Their origin can be explained as follows: the just appeared
chaotic state has a small value of u, and it takes some time until this state grows (mainly according to the map (2))
and reaches a value, sufficient to excite the next neighbor; during this growth stage the front is “blocked” and this
means negative correlations of v(¢).

3.1.2. Front map
To describe more thoroughly this transition from random front dynamics to a regular one, let us look at the field
exactly at the front position. Using (5), we define this field as

Us(t) = u(h(t), 1).

This time series Us(¢) is analyzed by usual techniques in nonlinear dynamics, e.g. with the return map Ug(r) —
Ug(t + 1) (here called front return map). Note that its qualitative form changes drastically with ¢ (Fig. 3).
(i) Pore < & the front does not move, and the map looks similar to the one-point mapping in coupled map lattices
[13]. The local tent map is slightly disturbed by neighboring sites.

(ii) Fore > & an additional branch appears which corresponds to a shift of the front to the next site. We call these
branches the shift branch and the one-site branch. In the shift branch the quantities U(¢) and Uy (f + 1) belong
to different sites, and to a large value of Us(t) corresponds a small value of field Ug(r + 1) at the just excited
site. These excitations happen relatively rarely, and between them the dynamics of Us(t) is similar to that in
the lattice without front. The front velocity V is just the relative number of points in the shift branch.
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Fig. 3. Front return map Uz () — Us(t + 1) in the one-dimensional coupled map lattices for different couplings &. Each picture contains
20000 data points. (a) £ = 0.04, v = 0: The front is stationary, the local tent map is disturbed by neighboring lattice sites. (b) & = 0.0477,
v = 0.034: For ¢ > ¢, an additional branch appears corresponding to the shift of the front. (¢) £ = 0.12, v = 0.224: With increasing ¢ the
excitation happens for smaller values, the front return map becomes similar to the circle map. (d) ¢ = 0.165, v = 0.277: Folding in the
circle-like map becomes visible. (e) £ = 0.1705, v = %: Period-7 orbit corresponding to a plateau with constant velocity. (f) e = 0.29,
v = 0.394: Circle-like map with irrational rotation number.

(iii)

(iv)

(v)

As the coupling constant ¢ increases, the excitation happens for relatively small values of the field Us(z),
therefore the one-site branch shrinks (Fig. 3(c)). The broadening of the points becomes smaller, corresponding
to a decreasing influence of the neighbors on the field at the front position. Now the mapping resembles the
noisy circle map more than the noisy tent map.

With further increasing coupling, we observe a folding in the circle map (Fig. 3(d)) which is a character-
istic feature at the transition from chaos to periodic or quasi-periodic behavior in the circle map [14,15].
Together with the fact that the influence of the neighboring lattice sites and therefore the level of noise de-
creases this leads to the assumption that the front propagation dynamics for larger couplings is more and more
governed by transitions between periodicity and quasi-periodicity like in the circle map. In this case we can
expect that the front return map looks like a deterministic circle map, with rational and irrational rotation
numbers.

This agrees with the behavior we find in plateaus with constant front velocity. These plateaus belong to periodic
orbits of the front map giving rational velocities. Since the map is still “noisy”, only periodic orbits with small
periods are observed. Fig. 3(e) shows such a periodic orbit of the front map belonging to the plateau with v = %
(the velocity is obviously equal to the ratio of the number of points in the shift branch and the total number of
points).



336 O. Rudzick et al./ Physica D 103 (1997) 330-347

0.7

0.6

0.5

0.2

0.1

0.0

-0.1

J S - l J S S | I | I - | j N I - I Ll 1 1 l | I - 1

0.00 005 010 0.15 e 0.20 0.25 0.30

Fig. 4. Front Lyapunov exponent.

(vi) Finally, Fig. 3(f) demonstrates the similarity between the front return map and the quasi-periodic circle map
outside of such a plateau.
This circle map-like behavior in the front propagation is due to the discrete lattice and can be understood from
the following simple model. Let the front have a constant form

u(x,1) =&Vt —x) 9

which is observed on a discrete lattice x, r. Then the front field Us(¢) can be expressed as Ur(t) = £(po(t)), where the
phase p obeys the linear circle map p(1+1) = p(¢)+V —1(mod 1). Thus, the finding that the front field Us () behaves
as a circle map is consistent with the assumption that the front has a nearly constant shape (9) and is not chaotic.

3.1.3. Front Lyapunov exponent

To characterize the nature of the dynamics in the front map Us(t) — Us(t + 1) we introduce the front Lyapunov
exponent. In calculating the usual Lyapunov exponent of the coupled map lattice one makes a linear perturbation
w{x, 0) to the chaotic state #(x, t) and determines its growth in time. In our case, we follow the perturbation only
at the front position we(t) = w(h(t), t) and define the front Lyapunov exponent as the growth rate of wr:Af =
lim; —, o0 t~1in |we () /ws (0)|. This front Lyapunov exponent A¢ is similar to the local[16] and velocity-dependent
[17] Lyapunov exponents; the difference is that it is not defined for an arbitrary velocity, but for the velocity and the
position of the front. Presenting this front Lyapunov exponent as a function of the coupling ¢ (Fig. 4) we observe
different regimes of the ¢-dependence of As.
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Fig. 5. Front Lyapunov exponent A¢ and averaged front velocity V for 0.21 < ¢ < 0.22 (left edge of the V = %—platcau). At is calculated
for 500 random initial conditions at each ¢.
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(i)

(iii)

In the region £ < &, where the front is stationary the front Lyapunov exponent decreases linearly with ¢. This
reflects the properties of the Lyapunov exponent for statistically homogeneous space—time chaos in coupled
tent maps in the case of small ¢ [16].

If ¢ is larger than g, the front starts to move and the front Lyapunov exponent decreases as the velocity
increases. This is due to the fact that at each front shift the perturbation is reduced roughly by the factor %s
while it is reduced with (1 — %)8 at each time step if the front is stationary. Since the perturbation grows with
the factor 2 (Lyapunov factor of the tent map) at each time step we get

A(V) ~In(2) + (1 — v) In(1 — 3¢) + vIn(e) (10)

as a rough approximation for the velocity dependence of the front Lyapunov exponent.* In a region between
& < € < 0.16 the e-dependence of the front Lyapunov exponent is more or less governed by the front velocity
and the front Lyapunov exponent behaves like a comoving Lyapunov exponent moving with the front velocity.
For couplings larger than ¢ = 0.16 the front Lyapunov exponent has some sharp minima for certain values
of ¢ corresponding to the plateaus with constant velocity. These sudden changes of Ay are connected with the

3 This is a rough estimate neglecting the influence of the perturbation field on the neighboring lattice sites which allows us to understand
the velocity dependence of A¢ qualitatively but not quantitatively.
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Fig. 6. Field u vs. the distance to the front x — A(t), overlapping of 50 periods for two different attractors at ¢ = 0.215. Upper panel:
Attractor with Af = 0.06. Bottom panel: Attractor with A¢ = 0.16.

(iv)

appearance of new attractors in the coupled map lattices (1), (2) and (4) leading to the coexistence of different
attractors in the plateaus. Fig. 5 shows A¢ vs. ¢ and the front velocity V in the interval 0.21 < & < 0.22, this is
at the edge of the plateau corresponding to the front velocity V = % For each value of & we have plotted A¢ for
500 randomly chosen initial conditions. In the region with quasi-periodic front motion outside of the plateau
the A¢—e dependence is a more or less smooth curve which is broadened to a band by statistical errors. With the
transition to periodic front motion the behavior of A¢ changes drastically. One can observe large fluctuations
of A¢ and for some values of & two or three bands of A¢ appear corresponding to different attractors. In Fig. 6
the front field « of two different attractors is shown for ¢ = 0.215. We have plotted the value of the field u as a
function of the distance to the front x — A(r). The instantaneous field profiles taken at each third time step are
overlapped for 50 periods. The upper panel shows the attractor with Af = 0.16, and the bottom panel shows
the attractor with Ay = 0.06.

This very sensitive dependence of the structure of the front field on the parameter £ within the plateau is
responsible for the large fluctuations of the Lyapunov exponent seen in Fig. 4.
For ¢ > (.24 the front Lyapunov exponent takes mainly negative and zero values, corresponding to a non-
chaotic circle map. In the region & < 0.24 the exponent is positive, i.e. the front field is chaotic. This irregularity,
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Fig. 7. Maximal comoving Lyapunov exponent A(v) in the coupled map lattices for £ = 0.30.
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Fig. 8. Comparison between the front velocities for different values of b and the maximum velocity for chaos propagation vy .

however, does not necessarily mean that the velocity is also irregular, e.g. for e & 0.14 the velocity is % although
the field has an irregular component. This corresponds to a noisy periodic orbit.
Both the vanishing of the front Lyapunov exponent and the similarity of the front map to the non-chaotic circle
map indicate that for large ¢ the leading part of the spreading field is not chaotic. A similar behavior has been
observed in [2] for coupled logistic maps.
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Fig. 9. Field u vs. the distance to the front x — A(#), overlapping of 1000 periods (left column) and overlapping of time series of U at
the lattice site which is passed by the front at the beginning of a period (left column). (a) 6 = 0.025,e =0.1V = % The front velocity

V is smaller than the chaos velocity vy, direct transition fixed point - chaos. (b) b = 0.025,¢ = 0.2974, V = % V is smaller than v,

complex transition fixed point — regular state — chaos. (¢c) b = 0.000S, ¢ = 0.0907 V = %: V is larger than vr_, temporal period doublings
behind the front.

3.2. Transition fixed point — chaos

In the case of a moving front every lattice site which is in the laminar (fixed point) state will be sometimes reached
by the front. This leads to a transition from a fixed point to a chaotic state on these lattice sites. Depending on the
values of b and ¢ we find different types of such transitions.

We characterize them by comparing the front velocity with the velocity of chaos spreading. To define the latter,
we can consider the maximum comoving Lyapunov exponent A(v) for spatio-temporal chaos, i.e. in a chaotic state
far away from the front. This quantity yields the maximum temporal growth of an initially localized perturbation
in a reference frame comoving with the velocity v. We calculate A(v) for the coupled map lattices (1), (2) and
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Fig. 10. Development of a flat interface in the two-dimensional coupled map lattices. Upper panel: initial state with flat interface in a
coupled map lattice with Ly = 100, L, = 40, ¢ = 0.0478. Bottom panel: interface roughening after 10 000 time steps.

(4) with statistically homogeneous chaos, using the method described in [18]. Fig. 7 shows A(v) in a lattice with
coupling ¢ = 0.3, here A(0) is the usual maximum Lyapunov exponent. Increasing v leads to a decreasing A(v).
If v exceeds a critical velocity vr,, A(v) becomes negative. vy is the maximum velocity for the propagation of
infinitesimal perturbations in regions with statistically homogeneous chaos [19] and therefore an upper bound for
the chaos propagation velocity. In Fig. 8 v as a function of ¢ is compared with the averaged front velocities V for
different values of the parameter b. Due to the fact that the chaotic state of the tent map (2) does not depend on &
the chaos propagation velocity vi, must also be independent of 5. Therefore it is possible to “adjust” V to be larger
or smaller than vi, by varying b. If V is larger than vp we can expect that in a reference frame moving with V the
lattice field becomes convectively unstable [20]. In this reference frame chaos is “advected”” away from the front,
where a relatively large region of regular behavior is observed for rational values of the front velocity. Due to the
difference between the velocities of the front and the chaos propagation one can expect that the region with regular
behavior grows with time.







